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Abstract
The replica method for calculating the von Neumann entropy is reviewed. Explicit expression for the
entropy of the mixed coherent states |α〉 and |β〉 is obtained using this method. The purity inequality
for bipartite system for separable states is studied on example of even and odd Schro¨dinger cat state.
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1 Introduction
The states of systems in quantum mechanics are associated either with wave functions [1] or density
matrices [2–4]. The superposition of two wave functions provides the functions which correspond to
other quantum states. Such superposition states were discussed in [5] and they are called Schro¨dinger
cat states. The quantum states providing the superposition can be chosen as, e.g. coherent states
|α〉 [6, 7]. Superposition of two coherent states |α〉 and |β〉 was considered in [8]. Since the coherent
states, being pure quantum states, are interpreted as closest to ”classical states”, the superposition of
the coherent states are usually discussed as cat states. The example of such superposition is the even
and odd superposition of the coherent states |α〉 and | − α〉. Even and odd coherent states for one-mode
systems were introduced in [9]. They are studied in [10,11]. The multimode generalization of Schro¨dinger
cat states was considered in [12, 13]. The properties of even and odd coherent states were discussed in
detail in the literature [14–19]. Entangled coherent states were reviewed in Ref. [20]. The even and odd
Schro¨dinger cat states were discussed also in connection with using the states for the aim of quantum
computations as analogs of qubit states [21]. In view of the possible application of the states in quantum
information one needs to study such properties of the states as entropic and other quantum inequalities
and obtain the corresponding relations in explicit form. The aim of this paper is to use the replica
method [22] to find the explicit form of the von Neumann entropy for mixture of even and odd coherent
states. We will also consider purity inequality for bipartite system [23] for mixture of two-mode coherent
states.
The paper is organized as follows.
In Sec. 2 the replica method for calculating von Neumann entropy for mixture of one-mode coherent
states is used. Two-mode Schro¨dinger cat states are studied in Sec. 3. In Sec. 4 purity inequality for
mixture of two-mode even and odd Schro¨dinger cat states is considered. Finally, some brief conclusions
are given in Sec. 5.
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2 The replica method for calculating the von Neumann entropy
In this section we calculate the von Neumann entropy for one-mode mixture of coherent states.
For a quantum-mechanical system described by a density operator ρ̂, the von Neumann entropy is
defined as
S(ρ̂) = −Tr(ρ̂ ln ρ̂). (1)
To compute the von Neumann entropy it is convenient to diagonalize ρ̂, then the von Neumann entropy
is given by the expression
S(ρ̂) = −
∑
k
λk lnλk, (2)
where λk are the eigenvalues of density operator ρ̂. But in some cases to calculate the von Neumann
entropy is difficult task because we need finding the eigenvalues of the matrix, which is the infinite-
dimensional matrix corresponding to the operator ρ̂. Nevertheless, we can circumvent this problem,
using replica method. We can rewrite the von Neumann entropy as [22]
S(ρ̂) = − lim
n→1
∂
∂n
Tr ρ̂n. (3)
So, we can avoid the need to diagonalise the density operator ρ̂. The problem reduces to calculation of
Trρ̂n as function of n. In the work [22] the entropy of the thermal state, entropy of the state generated
by amplifying a Fock state and entropy produced by amplifying a superposition of the vacuum and a
Fock state were considered. In our work we apply the replica method to other interesting states.
Let us consider a density operator in the form
ρ̂ = a |α〉〈α|+ c |α〉〈β|+ c∗ |β〉〈α|+ b |β〉〈β|, (4)
where a and b are non-negative numbers, c is a complex number. The states |α〉 and |β〉 are the eigenstates
of the photon annihilation operators, i.e., â |α〉 = α |α〉, â |β〉 = β |β〉. In order to have the trace of ρ̂
equal to unity, the numbers a, b and c have to satisfy condition a+ c 〈β|α〉+ c∗ 〈α|β〉+ b = 1. The scalar
product 〈β|α〉 of the coherent states |α〉 and |β〉 has the value
〈β|α〉 = e− 12 |α|2− 12 |β|2+β∗α, (5)
which shows that two coherent states are not orthogonal. The von Neumann entropy of the state (4) can
be easily calculated using replica method. In order to apply replica method, we calculate the following
trace Tr(ρ̂n). It is obvious that density operator ρ̂ to the power n (n is an arbitrary positive integer
number) contains only four combinations of coherent state projectors |α〉 and |β〉
ρ̂n = C
(n)
1 |α〉〈α|+ C(n)2 |α〉〈β|+ C(n)3 |β〉〈α|+ C(n)4 |β〉〈β|, (6)
where C
(n)
i , i = 1, . . . , 4 are complex numbers, which can be easily found recursively. Initial condition (4)
yields
(
C
(1)
1 , C
(1)
2 , C
(1)
3 , C
(1)
4
)
= (a, c, c∗, b). It is not hard to prove the recurrence relation for coefficients
C
(n)
i from (6)
C
(n)
1
C
(n)
2
C
(n)
3
C
(n)
4
 =

a+ c∗ 〈α|β〉 a 〈β|α〉+ c∗ 0 0
c+ b 〈α|β〉 c 〈β|α〉+ b 0 0
0 0 a+ c∗ 〈α|β〉 a 〈β|α〉+ c∗
0 0 c+ b 〈α|β〉 c 〈β|α〉+ b


C
(n−1)
1
C
(n−1)
2
C
(n−1)
3
C
(n−1)
4
 . (7)
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Formula (7) leads to the following expression for C
(n)
i
C
(n)
1
C
(n)
2
C
(n)
3
C
(n)
4
 =

(
a+ c∗ 〈α|β〉 a 〈β|α〉+ c∗
c+ b 〈α|β〉 c 〈β|α〉+ b
)n−1
0 0
0 0
0 0
0 0
(
a+ c∗ 〈α|β〉 a 〈β|α〉+ c∗
c+ b 〈α|β〉 c 〈β|α〉+ b
)n−1


a
c
c∗
b
 . (8)
Combining (6) and (8), we get the formula for Tr(ρ̂n) of density operator (4)
Tr ρ̂n = C
(n)
1 + C
(n)
4 + 〈β|α〉C(n)2 + 〈α|β〉C(n)3 = Tr
(
a+ c∗ 〈α|β〉 a 〈β|α〉+ c∗
c+ b 〈α|β〉 c 〈β|α〉+ b
)n
= λn1 + λ
n
2 , (9)
where the eigenvalues λ1 and λ2 are solutions of quadric equation λ
2−λ+D(α, β) = 0, where D(α, β) =(
ab− |c|2) (1− e−|α−β|2), i.e.,
λ1 =
1 +
√
1− 4D(α, β)
2
, λ2 =
1−√1− 4D(α, β)
2
. (10)
Then, we readily find from (3) the von Neumann entropy of the state (4)
S(ρ̂) = −λ1 lnλ1 − λ2 lnλ2. (11)
In terms of the parameters determining the density operator (4) the entropy S(ρ̂) reads
S(ρ̂) = −
1 +
√
1− 4 (ab− |c|2) (1− e−|α−β|2)
2
ln
1 +
√
1− 4 (ab− |c|2) (1− e−|α−β|2)
2
−
1−
√
1− 4 (ab− |c|2) (1− e−|α−β|2)
2
ln
1−
√
1− 4 (ab− |c|2) (1− e−|α−β|2)
2
 . (12)
We can see that for α = β or |c|2 = a b (in this cases the state (4) is pure) solutions of quadric equation (see
Eq. 10) are λ1 = 1 and λ2 = 0, hence S(ρ̂) = 0.
Thus, we obtained the explicit form of entropy of the state (4) using the replica method.
3 Entropy of cat states for two-mode system
Let us consider a bipartite system with density operator ρ̂ (1, 2) depending on continuous variables
of the first subsystem 1 and the second subsystem 2. The density operators of two subsystems ρ̂ (1) and
ρ̂ (2) are given as partial traces
ρ̂ (1) = Tr2 ρ̂ (1, 2), ρ̂ (2) = Tr1 ρ̂ (1, 2). (13)
The operators ρ̂ (1) and ρ̂ (2) describe the state of subsystems 1 and 2, respectively.
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Let us apply the replica method to the mixture of two-mode Schro¨dinger cat states
ρ̂ (1, 2) = a |−→α+〉〈−→α+|+ b |−→α−〉〈−→α−| (14)
where a and b are real positive numbers with sum equal to unit, i.e., a+ b = 1 and two-mode Schro¨dinger
cat states are defined as |−→α±〉 = N± (|α1, α2〉 ± | − α1, −α2〉), the normalization constants read [12]
N± = 2−1/2
(
1± e−2|α1|2−2|α2|2
)−1/2
. Taking advantage of equality 〈−→α−|−→α+〉 = 0 the von Neumann
entropy of the bipartite system (14) reads S(ρ̂ (1, 2)) = −a ln a − b ln b. The von Neumann entropies
of the reduced density operators S(ρ̂ (1)) and S(ρ̂ (2)) have the form (10, 11), where D(α, β) must be
substituted by D(α1, α2) =
((
aN2+ + bN
2−
)2 − e−4|α2|2 (aN2+ − bN2−)2)(1− e−4|α1|2) for S(ρ̂ (1)) and
by D(α2, α1) for S(ρ̂ (2)). The final expression for the entropy of the first subsystem S(ρ̂ (1)) given in
terms of parameters of (14) reads
S(ρ̂ (1)) = −1 +
√
1− 4D(α1, α2)
2
ln
(
1 +
√
1− 4D(α1, α2)
2
)
− 1−
√
1− 4D(α1, α2)
2
×
ln
(
1−√1− 4D(α1, α2)
2
)
, (15)
where
D(α1, α2) =
1
4
(
1− e−4|α1|2
)(
a
(
1 + e−2|α1|
2−2|α2|2
)−1
+ b
(
1− e−2|α1|2−2|α2|2
)−1)2 −
1
4
e−4|α2|
2
(
1− e−4|α1|2
)(
a
(
1 + e−2|α1|
2−2|α2|2
)−1 − b (1− e−2|α1|2−2|α2|2)−1)2 . (16)
In Fig. 1 we have plotted the von Neumann entropy of the first subsystem S(ρ̂ (1)) versus |α1| for
various ratio |α1|/|α2|. For small values of |αi|, i.e., |αi|  1 , i = 1, 2, the reduced density operator ρ̂ (1)
of the system (14) becomes
ρ̂ (1) =
(
a+
b|α2|2
|α1|2 + |α2|2
)
|0〉〈0|+ b|α1|
2
|α1|2 + |α2|2 |1〉〈1|, (17)
(|0〉 and |1〉 are the eigenstates of the first mode photon number operator â+1 â1 with â+1 and â1 being the
photon creation and annihilation operators, respectively). Therefore, the von Neumann entropy of the
first subsystem for small parameters |αi| tends to
S(ρ̂ (1)) = −
(
a+
b|α2|2
|α1|2 + |α2|2
)
ln
(
a+
b|α2|2
|α1|2 + |α2|2
)
− b|α1|
2
|α1|2 + |α2|2 ln
(
b|α1|2
|α1|2 + |α2|2
)
(18)
and for |αi|  1, i = 1, 2 becomes
ρ̂ (1) =
1
2
|α1〉〈α1|+ 1
2
| − α1〉〈−α1|. (19)
Hence entropy S(ρ̂ (1)) for large parameters |αi| tends to ln 2.
4
Figure 1: The von Neumann entropy of reduced density operator ρ̂ (1) versus |α1| for |α2| = |α1| (solid
line), |α2| = 0.5 |α1| (dotted line) and |α2| = 2 |α1| (dashed line); a = b = 0.5.
4 Purity inequality for bipartite system
In this section we will consider the purity inequality for bipartite system for two - mode mixture of
coherent states and mixture of coherent and a thermal state.
Let us consider bipartite system with density operator ρ̂ (1, 2). Let define purity parameters of the
system ρ̂ (1, 2) and the first and second subsystems
µ (1, 2) = Tr ρ̂2 (1, 2), µ (1) = Tr2 ρ̂
2 (1), µ (2) = Tr1 ρ̂
2 (2), (20)
where ρ̂ (1) and ρ̂ (2) are the density operators of first and second subsystems, respectively. For arbitrary
finite density matrix corresponding to the operator ρ̂ (1, 2) purity parameters µ (1, 2), µ (1) and µ (2)
satisfy inequality [23]
1 + µ (1, 2) ≥ µ (1) + µ (2). (21)
Let us consider the density operator of the separable cat state in the form
ρ̂ (1, 2) = a |α1, α2〉〈α1, α2|+ b | − α1,−α2〉〈−α1,−α2|, (22)
where real positive numbers a and b satisfy condition a + b = 1 and |α1, α2〉 = |α1〉|α2〉. The states
|αi〉 are the eigenstates of the photon annihilation operators of ith mode, i.e., âi|αi〉 = αi|αi〉, i = 1, 2
(coherent states of the first and the second modes, respectively). One can obtain explicit expressions for
the purity parameters µ (1, 2), µ (1) and µ (2). Then the inequality (21) for density operator (22) reads
1 + µ (1, 2)− µ (1)− µ (2) = 2 a b
(
1− e−4|α1|2
)(
1− e−4|α2|2
)
≥ 0, (23)
where we took into account that the density operator for the first and the second subsystem are given
as partial traces ρ̂ (i) = a |αi〉〈αi|+ b | − αi〉〈−αi|, i = 1, 2. It is clear from the above inequality that for
α1 = 0 or α2 = 0 we get identity. It is due to the density operator (22) in this cases has the factorized
form.
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Let us take the density operator in the form which corresponds to mixture of a thermal and coherent
states
ρ̂ (1, 2) =
1
2
|α1〉〈α1| ⊗ ρ̂T (2) + 1
2
ρ̂T (1)⊗ |α2〉〈α2|. (24)
Here ρ̂T (i) is the thermal state ρ̂T (i) =
1
Z e
−(â+i âi+ 12)/T , where T is a temperature, Z = Tr
(
e−(â
+
i âi+
1
2)/T
)
is a partition function. The operators â+i and âi are the photon creation and annihilation operators of
ith mode (i = 1, 2), respectively. Taking into account Tr |αi〉〈αi| ρ̂T (i) = 〈αi|ρ̂T (i)|αi〉 = 11+N e−
|αi|2
1+N ,
where N = (e1/T − 1)−1 is the mean photon number, we obtain the explicit form of the purity inequality
1 + µ (12)− µ (1)− µ (2) = 1
2
(
1− 1
1 +N
e−
|α1|2
1+N
)(
1− 1
1 +N
e−
|α2|2
1+N
)
≥ 0. (25)
One can see that the inequality is fulfilled for all the parameters determining the state (24).
5 Conclusions
To conclude we formulate the results obtained in this work. We reviewed the properties of even and
odd coherent states introduced in [9] for one dimensional oscillation and [12, 13] for multidimentional
oscillator. The replica method and properties of the von Neumann entropy were studied and applied
to the mixed even and odd superposition states. The purity characteristics of the even and odd mixed
Schro¨dinger cat states were considered. In this paper, we obtained in explicit form the von Neumann
entropy for mixture of coherent states. The explicit expression Eq. (12) for the von Neumann entropy of
one-mode field state given in terms of mixture of coherent state is obtained. Analogously the entropy of
the reduced density operator ρ̂ (1) of two-mode field state Eq. (14) is obtained and given by Eqs. (15), (16).
In addition, purity inequality for mixture of two-mode even and odd Schro¨dinger cat states was considered
and checked on example of the two- mode cat states (see Eq. (23)). In future publication the application
of the approach will be performed for nonlinear f- oscillator [24] and its even- odd Schro¨dinger cat
states [25,26] as well as application in the theory of the amplifier.
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